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Abstract

A critical issue in specifying a diffusion process is whether a subset of state variables of the
diffusion process can be omitted, because a simplified diffusion process derived from omitting
a subset of the state variables could be analytically tractable and easy to implement. But such
simplification should be quantitatively justified.

In this paper, we develop a consistent nonparametric test for omitted variables in each
component of the diffusion matrix in a multivariate diffusion process. We show that each of
these test statistics follows an asymptotic standard normal distribution under the null hypoth-
esis that a subset of state variables can be omitted from the specification of the component of
the diffusion matrix, while diverging to positive infinity against fixed alternatives and having
nontrivial power against a class of local alternatives. Monte Carlo simulations show that our
tests perform well. Applying our test statistics to the specification analysis of the volatilities in
the term structure of interest rates, we obtain new empirical findings.
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1 Introduction

Since the work by Merton (1973) and Black and Scholes (1973), continuous-time Markov models
have been widely used to study the dynamics of economic variables, such as interest rates, con-
sumption, saving, investment, stock prices, etc. The typical modeling approach in this literature
is to assume that the data generating process describing the evolution of state variables follows a
diffusion process, which is written as a stochastic differential equation of the state variables.

Testing the specification of a diffusion process has been an active research area in recent years.
This includes tests for a parametric specification of a diffusion process versus a nonparametric
alternative or a parametric specification of a diffusion process versus a semiparametric alterna-
tive. For examples, Ait-Sahalia (1996), Hong and Li (2005), Chen, Gao, and Tang (2008), and
Ait-Sahalia, Fan and Peng (2009) develop consistent tests for the parametric specification of the
transition density function of a diffusion process; Chen and Hong (2010) develop a test for the
parametric specification of the characteristic function of a diffusion process; Kristensen (2011)
develops a test for the parametric specification of a diffusion process versus a semiparametric dif-
fusion process; Li (2019) develops tests for the parametric specification of the diffusion matrix in
a diffusion process.

However, some important issues still have remained unexplored in the literature of testing the
specification of a diffusion process. For example, a diffusion process is often assumed to follow
a special case that simplifies the model specification by the dimension reduction of state variables
for deriving closed-form solutions of various derivative securities, such as the case of multifactor
term structure models (Dai and Singleton, 2000), or the case of the analysis of consumption, asset

pricing, and investment (Merton 1973, and Abel, 1985).! A potentially serious problem associ-

For example, in specifying a term structure model of interest rates, we are confronted with trade-offs between
the richness of econometric representations of the state variables and the computational burdens of estimation and



ated with such a simplified diffusion process is model misspecification caused by omitted state
variables, which could lead to misleading results in inference and hypothesis testing. Thus, it is
important to develop a reliable specification test for the significance of a subset of state variables
in a diffusion process, namely whether certain state variables can be omitted from the specifica-
tion of a diffusion process. Although theoretical results have been provided for testing omitted
variables in a traditional setup of the regression model (e.g., Ait-Sahalia, et al. (2001), Fan and Li
(1996), and Lavergne and Vuong (2000)), to the best of our knowledge, no theoretical result has
been developed to testing for omitted variables in a diffusion process.

In this paper, we focus on testing for omitted variables in the diffusion matrix of a multivariate
diffusion process in the nonparametric context. The diffusion matrix of a multivariate diffusion
process, as the second moment and the measurement of the volatility dynamics of the state vari-
ables, is a crucial factor in modeling the movements of state variables as well as the comovements
among state variables. To test whether certain state variables can be omitted from the diffusion
matrix of a multivariate diffusion process, we propose a consistent test for omitted variables in
each component in the diffusion matrix, with nonparametrically specifying the functional form of
each component in the diffusion matrix. Using theories of degenerate U-statistics of absolutely
regular processes, each of all these test statistics is shown to follow an asymptotic standard normal
distribution under the null hypothesis that a subset of state variables can be omitted from the spec-
ification of the component of the diffusion matrix, while diverging to positive infinity under fixed
alternatives and having nontrivial power against a class of local alternatives. Monte Carlo simula-

tions show that our tests have reasonable size and good power against a variety of alternatives.

pricing. A simplified term structure model yields essentially closed-form expressions for zero-coupon-bond prices,
which greatly facilitates pricing and econometric implementation. As such, the need for model simplification is
paramount because one may be very hard to obtain the results of the economic analysis without simplification. But
such simplification should be quantitatively justified, i.e., hypothesis tests are needed.



To illustrate the empirical applications of our testing procedure, our tests are applied to the
situation of dimension reduction in the specification of the diffusion matrix in a multivariate term
structure model of interest rates. We particularly focus on a two-factor term structure model of
interest rates. Using the daily 3-month Canadian Treasury Bills and 10-year Canadian bond yield
as the proxies of the short term interest rate and long term interest rate, respectively, we examine
whether the volatility of each interest rate process depends on the other interest rate as well as
on its own value. Our empirical finding indicates that both the short term interest rate and the
long term interest rate cannot be omitted for the specification of the volatilities of either short term
interest rate process or long term interest rate process, suggesting that the two-factor CIR-type
model used by Hull and White (1990) and the two-factor Brennan-Schwartz-type model used by
Hsin (1995) are rejected. This empirical result is consistent with the expectations hypothesis that
the instantaneous variance of the changes in the long term interest rate contains information about
the future values of the short term interest rate, while the long term interest rate directly affects the
instantaneous variance of the changes in the short term interest rates.

The remainder of the paper is organized as follows. In Section 2, we introduce the model,
hypotheses of interest, and our test statistic for each component in the diffusion matrix. In Section
3, we derives the asymptotic null distribution of each of these test statistics, and discuss its asymp-
totic power property. In Section 4, we use Monte Carlo simulation approach to evaluate the finite
sample performances of our test statistics. In Section 5, our test statistics are applied to examine
dimension reduction in the specification of diffusion matrix in a two-factor term structure model
of interest rates. Section 6 concludes. All proofs of the main results are given in Appendix A and
Appendix B. Appendix C contains some technical lemmas that are used in the proofs of Appendix

A and Appendix B.



2 The Model, Hypotheses, and Test Statistics

The model specified as the underlying process of a d x 1 vector of state variables {x;,7 > o}
is a time-homogeneous It6 diffusion process represented by the following stochastic differential

equation,
dxt = ,u(xt)dt + G(Xt)de, (1)

with a given initial condition x;,, where u(x;) = (1 (%), ..., ua (%)) is a d x 1 drift vector, 6(x;) =
{0:j(x)}1<i j<a is @ d x d matrix, and B, = (B},...,BY)" is a d-dimensional standard Brownian
motion. Assume that x;, is independent of B; and x; takes values in I C R4,

For 1 <i <d, each coordinate xf of the diffusion process x; can be written as,

d
dx; = pi(x;)dr + Y ©;j(x,)dB]. )
j=1

Now, we assume that the process x; is observed at equispaced times {t =t,1,, ...,1, } in the time
interval [tp, T'], where T is a strict positive number (T > #). The observations can be expressed as
{% =Xyt 1,0 Xigr2, s s Xigtnis, } A {TE = To+ Dy, to =10+ 20, ..., 1, = tg +nl\, }, where A, =
(T —1to)/n is the sampling interval. We use the notation x,; to express the observation on the
process x; at fo +1/\,. Thus, the data are given by a triangular array of random variables {x,, 1 <
t <n}.

Let 7", express the c-algebra generated by {xp 0t =s,5+1,...,t;1 <5 <t < n}. Following
this literature (e.g., Harel and Puri, 1990), we define the B-mixing coefficient of the triangular array

of {x,;,1 <t <n} by,

Bus, = supsen-w, Elsupacsr, {P(AIFS) — P(A)}], 3)

which measures the degree of time-series dependence of {x,;,1 <t <n}.Let {x,;,1 <t <n}bea
strictly stationary triangular array process. {x,;,1 <t <n} is called absolutely regular, if B, , — 0,
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as T, — oo, where 1,Q(4A\,) — o0 as n — oo, and @(+) is a continuous, positive, decreasing function
on [0,8y) with 8y being a positive constant and /in, @(A,) — 0 as n — oo.

We assume that the sampling interval shrinks to zero as the sample size n tends to infinity (infill
assumption), and the time span T — oo as n — oo (the long-span assumption). The infill assumption
is crucial for the nonparametric estimation of the diffusion matrix, because the identification of the
diffusion matrix depends on the local dynamics of the diffusion process. Under the long-span
assumption, we can use the asymptotic independence implied by the absolutely regular property
of {x,,1 <t <n}, which ensures that under certainty conditions, the B-mixing coefficient goes to
zeros at a fast enough pace for deriving the asymptotic distributions under the null hypotheses.

Given the diffusion process x; in (1), the d x d symmetric and non-negative matrix a(x) =
o(x)o(x)’, with general element a;;(x) = Y, 64 (x)5;;(x), is its diffusion matrix for any x =
(x!,....x%) €1,1 <i, j < d. The dynamic properties of the diffusion process x; are characterized by
its transition density function, which depends on u(-) and a(+). In fact, if there exist a continuum of
solutions in 6(+) to equation a(x) = o(x)o(x)’, then the transition probability function is identical
for each of these 6(x) (Stroock and Varadhan, 1979). This indicates that the dynamic properties of
the diffusion process x; are determined entirely by the drift vector u(-) and diffusion matrix af(-),
i.e., the pairs (u(-),a(-)).

Given that x; is a diffusion process, a(x;) can be expressed as,

1
a(x;) = limA,.¢0A—E[(xt+An —x¢) (X, — %) |xe], 4)

n

or equivalently, for 1 < i, j < d, we have,

. 1 ) ) . .
aij(xe) = limp, 107 E|(x p, =) (5 5, = 57) ) (5)

n
Let x; = (w},v})’, where w; is a g x 1 vector (1 < g <d—1), and v, is a (d — g) x 1 vector.
The objective of this paper is to test whether the subset of state variables v; is insignificant for
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the explanation of the instantaneous covariance a;;(x;) between x! and x{ conditional on x; for
1 <1, j <d. To achieve this objective, we define a diffusion matrix b(w;) = {b;;(w;),1 <i,j < d}

as follows,

. 1
b(w;) = llmA,.wA—E[(xtnLAn —x¢) (x40, — %) Wi, (6)

n

or equivalently, we define,
bii(wi) = limp, wALnE[% p =) — e, 1<ij<d. ™
The null hypothesis that we are interested can be characterized by the following form,
HY - Praij(x) = bij(w)] = 1. (8)
The alternative hypothesis is,
HY : Pria;j(x;) = bij(w;)] < 1. )
_ @) (o —50)

Let u,, = X —bjj(wn,), we define the distance measure between a;;(x;) and

n

bij(w;) as Dyij = E{unE[tns|%ns)} = E[(E[tns|xns])?]. Under the Assumptions 1-4 in Section 3,

. A 515_ 51 ljl.f_x{;
using [t6’s lemma to Cons = VX(X 5~ %nt) , Where r <s < t+1, we have,

(qu,tﬂ - xfa,z) (xi,zﬂ - x{z,t)
VAW

xn,ti| _bij(Wn,t)} }2

liysDuij = limy B { |E|

= limnHmE [aij (Xn,t) — b,‘j (Wnyt)]z

= D;; >0, (10)

and D;; = 0 in (10) holds if and only if Héj is true. Hence D,;;; can be used for the construction of
a consistent test for H(l)] against HZ,j . To construct a feasible test statistic, we need to estimate uy,
and E[up|x, ] by using the nonparametric kernel method. In order to avoid the random denom-

inator problem associated with the kernel estimation method, instead of D,; ;, we choose its density
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A2 f (i)}

where f,,(w;) and f(x;) are the density function of w, and the density function of x;, respectively.

weighted version: Ep;j = E{uns fio (Wn ) E [tn s fir(Wn e )| Xns| f (Xns) } = E{(E [t fio (W)

The sample analogue of Ej;; is,

Inij = n! Z“nvth(Wn,t)E[fW(Wn,t)”n,t X | f (Xnz)- (1)
t
W [xn 141 xn t”x] 141 xnt} 7 7 . .
e estimate u,; by f,; = A — bjj(wn,), Where b;j(wy,) is a kernel estimator of

bij(wn,), which is proposed by Bandi and Moloche (2018) and is defined as,

(n 1 qA ZS#I (Wnéa Wnt.)l:xi’l S+1 _x;;,s] [xiz,erl —X,]17s]
fAW[

bij(Wny) = , (12)

where L(-) is a kernel function and a,, is a smoothing parameter, and fw, is the kernel estimator of
fw, = fuw(wn,) given by,

1 Wns — Wnit
—— Y L(——— (13)
(n—l)a?,s;t an )

fAWt -
We estimate E [up s fro(Wn) %] f(xns) DY,

[(n—=DRIY g foo (W) K (210, (14)
s#t

where K (Z:27040) = K (%t Tt K (-) is a kernel function, and hy, is a smoothing parame-
ter. Since we allow that 7' goes to infinity as n — oo, the smoothing parameter can be denoted by

hn(ay) instead of hy, 7(an 7).

Inserting (12), (13), and (14) into (11) yields the estimator of I,;;; by I >

A

Inij (I’l— l)hd ZZ iy tfw Wn t)][un sfw(Wn S)]KtSa (15)

not s#t

where K;s = K (x”+x’”) Based on [, j» our test statistic is defined as,
d/2s
Onij = nh/ Luij/ Vi, (16)

where vlzuj nfl)hg ) Zs#t [ﬁ%,tfv% (Wﬂ,f)] [ﬁ%,sfv% (WH»Y)]KZZS'
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3 Asymmetric Properties of the Test Statistics

We make the following assumptions to derive the asymptotic properties of the test statistics, Qy;j,
1<i,j<d.
Assumption 1. Let D = [[%_, (i, ;) be a product of intervals, (I;,r;), for i = 1,...,d, where —oo <
li < ri < eo. On D, the functions u(x),o(x), and b(w) satisfy the following conditions:

(i) u(x), o(x), and b(w;) are continuously differentiable.

(ii) Let | - | denote the Max norm for a matrix. There exists a positive constant Cp such that for

everyx € D,

() + o) < Cp(1+ ). (17)

=
I
A

Cp(1+|w]?). (18)

(iii) There exists a nonnegative function (-,-) such that E[¢*(x;,,x,)] < Cg for any t1,t; €

[to, T], where Cg s a positive constant and,

u(x) — ()] < glx,y)x—yl. (19)

Assumption 2. Let E |x;, | < oo. {x,,,1 <t <n,n> 1} is strictly stationary and absolutely regular

with mixing coefficient Bz, = O(XN™®0) for some 0 < A < 1, where @(/\,) = O( , and

#)
logho (A )
Ao is a positive constant.

Assumption 3. Assume that both K () and L(-) are product kernel functions with order r(r > 2).
Let k(-) and (+) be their corresponding univariate kernel functions, which satisfy the Lipschitz con-

dition and are even, bounded functions with k(s) = O(1+ |s|" )"V and I(s) = O(1 + |s| +7+%) !

for some x > 0.



Assumption 4. Let f(-), fu(-) € G and a;j(+),bi;(-) € G2, where G is defined as the class of

functions, {g : D — R}, satisfying that g is r-times partially differentiable, and for some p > 0,

supyeos|8(v) — 8(x) — Qij(yx)| < Lo(x)|y —xI", for all x, where o5 = {y: |y —x| < p}; Qi;(y,x)
is a (r—1) th degree homogeneous polynominal in (y — x) with the coefficients being the partial
derivatives of g at x of orders 1 through (r — 1), and Ly(x) is a continuous function and has finite
o th moment. Also, f(-) is bounded.

We briefly comment on the above assumptions. Assumption 1 (i) ensures that the coefficients
of the stochastic differential equation (1) are locally Lipschitz under which a solution to (1) will
be unique if it exists (Theorem 5.2.5 in Karatzas and Shreve, 1991). Assumption 1 (ii) ensures
the existence of a solution to the stochastic differential equation (1) by preventing explosion of
the process in finite expected time. Assumption 1 (iii) is made to derive some important moment
inequalities for asymptotic analysis of our test statistics. In Assumption 2, we require that the
triangular array of {x,,,1 <t <n,n > 1} be absolutely regular with geometric decay rate, under
which the central limit theorem for degenerate U-statistics of absolutely regular processes can
be used to derive the asymptotic distributions of our test statistics. The absolute regularity with
geometric decay rate of a multivariate diffusion process can be shown by using Theorem 6.1 in
Meyn and Tweedie(1993). Following this approach provided by Meyn and Tweedie (1993), it can
be shown that the popular multivariate affine term structure models in Dai and Singleton (2000)
satisfy the property of absolutely regular with a geometric decay rate, under certain restrictions of
the coefficients. Assumption 3 characterizes the conditions on the rzh order kernel functions used
in the nonparametric kernel estimations of the diffusion matrixes of a(x) and b(w), and marginal

density functions of x; and w;. Assumption 4 imposes smoothness and moments conditions on

functions a;;(-), b;;(-), f(), and f,,(-). For instance, a;;(-) € G means that a;;(y) is differentiable



up to order r and has Taylor expansion given by (a;;(x) + Q;;(y,x)) with the remainder satisfying a
local Lipschitz condition. In addition, a;;(y) satisfies the finite 5t comment condition and all the
partial derivatives (up to order r) of a;;(y) satisfy this moment condition as well.

With the above assumptions, the asymptotic null distribution and consistency of Q;; are pro-
vided in the following theorem.

Theorem 1. Suppose that h,, — 0, nhg — oo, nay — w,na,%rhg/z — 0, Thill/2 — 0 and hz/a,%q —
0, as n — oo. Then under Assumptions 1-4, we have,

2. is a consistent

(i) under Héj, Onij = nhg/zfm-j/vnij — N(0, 1) in distribution as n — oo, and Voii

estimator ofvizj, where v%j =2E[(a;i(x)ajj(x) + a%j ()24 (we) f ()] [ K2 (u)du;
(ii) Qpij is consistent against Hf;j )
The proof of Theorem 1 is given in the Appendix A.
To test the null hypothesis Héj against Héj at the level o, we need to compare Q,;; to the critical
value zo, from the N(0, 1) distribution, i.e., zo.01 = 2.33,20.05 = 1.64, and z o = 1.28 because the
test Oy;; is one-sided. We reject the null hypothesis when Qy;; > zq.
In the rest of this section, we will analyze the local power properties of the test statistics for a

sequence of local alternatives. We consider the sequence of local alternative hypothesis (Pitman

alternative hypothesis) represented by,
LH : aij(x) = b,-j(w) —f—'YnA(X), (20)

where [ A(x)dx =0, [|A(x)|dx < oo, [ A?(x)dx < oo, and Y, — 0 as n — oo.

Theorem 2. Under the assumptions of Theorem 1, if LH holds and vy, = nY2p, d/ 4, then we
have, Pr|Qyij > zq) = 1 —P(z0— % [ A2(x) f2(w) f(x)dx), where ®(-) is the distribution function
of the standard normal random variable z.

The proof of Theorem 2 is given in the Appendix A.
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Theorem 2 indicates that Qp;; can detect local alternatives in LH that differ from the null by
O(n_l/ 2h, d/ 4), and the slower &, converges to zero, the larger is the asymptotic power of Q,;; in

the sense that it can detect local alternatives in LH that are closer to the null.
4 Monte Carlo Results

We now conduct Monte Carlo simulations to assess the finite sample performance of Q,;;,1 <i,j <
d. We focus on the affine specification of the diffusion matrix in a three-dimensional diffusion pro-
cess (see, e.g., Hong and Li (2005), and Dai and Singleton (2000)) given the importance of an
affine model in the existing asset pricing literature. Since the diffusion matrix is a symmetric ma-
trix, we need only evaluate the finite sample performance for our tests Qp11, On12, On13, On22, On23,

and QOp33.

4.1 Size performance

To examine the size performance of Q,;;, 1 <i,j < d, we simulate data from the following five
data-generating processes (DGPs):

DGP1. Three-factor model with time-varying variances is specified,

X1z 1—0.5x; 0 0 x; O 0 B!
d| xy | = 0 2-2xy O di+| 0 x 0 |d| B> | 1
X3¢ 0 0 1 —x3 0 0 %31 B}
X1t 0 0
and its diffusion matrix is: {a;j(x/)}1<i j<3 = 0 x» O |, wherex; = (x1;,x2,x3) here-
0 0 X3¢

after. The parameters are taken from Ait-Sahalia and Kimmel (2010). The null hypotheses are,
Prla;i(x;) = bji(xit)] = 1, for i = 1,2, 3, where both a;;(-) and b;;(-) are unknown functions satisfied
with the Assumption 1 and Assumption 4. The alternative hypotheses are: Pra;;(x;) = byi(xi;)] < 1,

fori =1,2,3. DGPI is used to investigate the size performance of Q,11,Qn22, and Q33.
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DGP2. Three-factor model with nonlinear drift is specified,

X1; 06_1x1_t] + O + Ot X1y +(X42X%l NI 0 B,1
d| xy | = oc_lxz’ll + ol + Ol xpp + Otzx%l + 0 vxr O d 312 , (22)
X3¢ chlxgtl + Olp + Ol X3 + Otzx%t 0 0 /X3¢ B;’

and its diffusion matrix is the same as in DGP1. The parameter values are set as (0._1, 0y, 01, 0tp) =
(0.00107,—0.0517,0.877,—4.604), which come from Hong and Li (2005).

The null hypotheses are, Prla;i(x;) = b;i(x)] = 1, for i = 1,2,3, where both a;;(-) and b;;(-)
are unknown functions satisfied with the Assumption 1 and Assumption 4, and the alternative hy-
potheses are, Pr(a;i(x;) = b;i(x)] < 1, for i = 1,2,3. DGP2 is used to examine the size performance
of Qyii (i = 1,2,3) when the drift term is nonlinearly specified.

DGP3. The three-factor diffusion process with time-varying conditional variances and condi-

tional covariance (a2 (x;) # 0) is specified as,

X1 1-05x, 0 0 VX X 0 B!
d| x | = 0 2—2xy O dt + 0 oxx O dl B> |, 23)
X3¢ 0 0 1 —x3; 0 0 X3 B[3
Xy +xy x 0
and its diffusion matrix is: {a;;(x;)}1<ij <3 = X2 xy 0
0 0 X3¢

The null hypotheses are, Priay; (x;) = b11(x17,%2 )] = 1, Prlax(x;) = baa(x2)] = 1, Prlaz3(x,) =
b33(x3;)] =1, and Prlaja(x;) = b12(x2)] = 1, where ay1(-),a2(-),a33(-),b11(+,-), b22(+), b33(+), and
b12(-) are unknown functions satisfied with the Assumption 1 and Assumption 4. DGP3 is used to
examine the size performance of Q,2, as well as the size performance of Q,;;(i = 1,2,3).

DGP4. The three-factor diffusion process with time-varying conditional variances and condi-

tional covariance (aj3(x;) # 0) is specified as,

X1 1-0.5x;, 0 0 Va0 Ay B!
d| xp | = 0 2—-2x; O dt + 0 xx 0 |d| B> |, 29
X3 0 0 1—x3 0 0 B}
2x1 0 xixs
and its diffusion matrix is: {a;;(x/)}1<ij<3 = 0 X2 0 . The null hypotheses

Vxixy 0 X3

are, Prla;i(x;) = bji(xy;)] =1, fori=1,2,3, and Prla;3(x;) = b13(x1s,x3,)] = 1, where a;;(+), bii(+),a13(*),
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and b13(-,-) are unknown functions satisfied with the Assumption 1 and Assumption 4, i = 1,2,3.
DGP4 is used to examine the size performance of Q,3, as well as the size performance of Q;;(i =
1,2,3).

DGPS. The three-factor diffusion process with time-varying conditional variance and condi-

tional covariance (ap3(x;) # 0) is specified as,

X1s 1—0.5x); 0 0 VX 0 0 B}
d| xy | = 0 2—2xy O dt + 0 xx xux |d| B> |, (25)
X3¢ O 0 1 — X3¢ O O X3¢ B?
X1t 0 0
and its diffusion matrix is: {a;;(x)}1<ij <3 = 0 2% /X2 X3;

\/ X2t X3t X3t

The null hypotheses are, Pr{a;i(x;) = bji(x;;)] = 1, fori=1,2,3, and Priax3(x;) = ba3(x2r,x3;)] =
1, where a;i(+),b;i(+), i = 1,2,3, and by3(+,-) are unknown functions satisfied with the Assumption
1 and Assumption 4. DGPS5 is used to examine the size performance of Q,,23, as well as the size
performance of Qy;;(i = 1,2,3).

In this simulation studies, we simulate 1500 realizations of a random sample {x;}_, at daily
frequency for n = 250,500, 1000, and 2500, respectively. We discard the first 500 observations to
eliminate any start-up effects. These sample sizes correspond to 1,2,4, and 10 years of daily data,
respectively. T is set to 1,5, and 10 to consider the impact of the time span on the performance
of these tests. We use standard normal kernel functions for both K(-) and L(-) with smoothing
parameters chosen by h,, = x,-sdn_l/ 4 and Ay, =W jsdn_l/ 6 where x;; and w jsa are the standard
deviations of {x;;}!_, (i=1,2,3)and {wj;}/'_, (j=1or j = 1,2), respectively. The above choices
of h and a satisfy the conditions of Theorem 1. For DGP1, we simulate the data from the model
transition density, which has a closed-form. For DGP2, DGP3, DGP4, and DGP3, their transition
densities have no closed forms, we use Milstein’s scheme (Kloeden and Platen, 1992) to simulate

the data sets of the random sample. For 7 = 1, Table 1 reports the rejection rates of Q,11, Qn22, and
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Qn33 under DGP1 and DGP2, and Table?2 reports the rejection rates of Q,,11, Qn22, On33, On12, On13,
and Q23 under DGP3, DGP4, and DGPS5, using the asymptotic critical values at 5% and 10%.2
Tablel shows that the estimated sizes converge to their nominal sizes as n increases. Note that the
impact of the nonlinear drift on the estimated sizes is minimal, suggesting that Q,;; (i = 1,2,3)
can achieve robustness to the drift specification. This result can be explained by the fact that the
test statistics are independent of the specification of the drift matrix. Overall, the Monte Carol
simulation results suggest that our test statistics Q,;; (i = 1,2,3) has reasonable size performance
for sample sizes as small as n = 250. Table2 indicates that under null hypothesis of either a
conditional variance or a conditional covariance in the diffusion matrix, the corresponding test
statistic Qy;; (1 <i < j < d) shows that the estimated sizes converge to the nominal sizes as n

increases.
4.2 Power performance

To investigate the power performance of Q,;; (1 <i < j <d), we simulate the data from four other
diffusion processes below.

DGP6. The three-factor diffusion process with time-varying conditional variance is specified,

X1t 1— 0.5X1t 0 0
d| x = 0 2 —2xy 0 dt
X3¢ 0 0 1 — X3¢

VX1 T X2 + X3 0 0 Btl
+ 0 VX1 X0 X3 0 d|l B> |, (26)
0 0 VX1 + X0 Fx3; B}

X1t + X2 + X3¢ 0 0
and its diffusion matrix is: {a;;j(x) }1<i j<3 = 0 X1+ X0 +x3; 0
0 0 X1t + X + X3¢

We use DGP6 to examine the power performance of Q,;; (i = 1,2,3). DGP1 is the null model.

2Simulation results for T = 5, 10 are not presented but are available from the author. They are qualitatively similar
to those for 7 = 1.
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DGP7. The three-factor diffusion process with both time-varying conditional variance and

conditional covariance is specified as,

X1t 1-— O.S.X']t 0 0
d X2t = 0 2—2)(2; 0 dt
X3¢ 0 0 1 — X3¢
VX1 X0 X3 /X1 X0 + X3 0 B

+ 0 VX1 X0 F X3 0 dl B> |, 27)
0 0 /X1 + X2 + X3¢ Bl3

2(x1 + X2 +x31) X1+ X2 X3 0
and its diffusion matrix is: {a;;(x;) }1<i j<3 = Xir+Xor X3 X1 +X0 + X3 0
0 0 X1t + X2 + X3¢

We use DGP7 to examine the power performance of Q,;; (i = 1,2,3) and Q,,12. DGP3 is the
null model.
DGPS. The three-factor diffusion process with time-varying conditional variance and condi-

tional covariance is specified as,

X1t 1— 0.5X1t 0 0
d X2t = 0 2— 2X2t 0 dt
X3¢ 0 0 1—x3;

VX1 X2 + X3 0 VX1 +x2 +x3; B!
+ 0 /X1; X0 + X3¢ 0 d|l B> |, (28)
0 0 VX1 X2 + X3¢ B?

2(Xlz + X1 +X3z) 0 X1t + X2 + X3¢
and its diffusion matrix is: {a;;(x/) }1<i j<3 = 0 X1 +x2r +x3; 0
X1t + X2 + X3¢ 0 X1 +X21 + X3¢

We use DGP8 to examine the power performance of Q,;; (i = 1,2,3) and Q,,13. DGP4 is the
null model.
DGP9. The three-factor diffusion process with time-varying conditional variance and condi-

tional covariance is specified as,

X1t 1—0.5x1t 0 0
d| xu = 0 2 —2x; 0 dt
X3¢ 0 0 1—X3t
VX1t X2 + X3¢ 0 0 Btl
+ 0 VX1 FXr X3 A/Xutxy x| d Bzz , (29)

0 0 X1+ Xor + X34 B,3
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(17 +x21 +x3;) 0 0
and its diffusion matrix is: {a;;(x;) }1<i j<3 = 0 201 + X0 +x3¢) X1+ x2 + X3
0 X1+ X +x30 X1 +Hx00 X3

We use DGP9 to examine the power performance of Q,;; (i = 1,2,3) and Q,»3. DGPS is the
null model.

Since the closed form transition densities are not available for these alternative models (DGP6,
DGP7, DGPS8, and DGP9), we use Milstein’s scheme to simulate the data sets of the random
sample. Both Table3 and Table 4 report the simulation results from DGP6, DGP7, DGPS, and
DGP9, which indicate that the estimated powers of Q,11,0n22, and Q,33 increase rapidly with
respect to n, suggesting that Q,11, On22, and Q,33 have good power in detecting the misspecifica-
tion caused by omitted variables in the conditional variances in DGP1,DGP3, DGP4, and DGP5
against their corresponding alternatives, even if there exists misspecification in other conditional
variances or conditional covariances. Additionally, the simulation results show that 0,12, 0,13 and
Qn23 are quite powerful against the misspecification from omitted variables from the specifications
of ajp(x;),a13(x;), and a3 (x;), respectively. The simulation results show that our tests perform

rather well in detecting model misspecification coming from omitted variables in the conditional

variances or the conditional covariances.
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Table 1: Percentage Rejection of True H

n 5% 10% 5% 10% 5% 10%

DGP1: Three-factor model with time-varying variances
H(l)1 2 Priain(x) =bii(x;,)] =1 ng :Priaxn(x) =bn(xy)] =1 HS3 : Prlass(x;) = baz(x3)] =1

250  0.021 0.029 0.021 0.046 0.033 0.039
500 0.043 0.063 0.037 0.048 0.036 0.041
1000 0.045 0.065 0.039 0.063 0.036 0.052
2500 0.047 0.072 0.043 0.085 0.068 0.073

DGP2: Three-factor model with nonlinear drift
H(l)l . Pr[all(x,) = bu(xlt)] =1 H%Z . Pl’[azz(xt) = bzz(th)] =1 H(3)3 :Pr[a33(xt) = b33()€3,)] =1

250  0.031 0.022 0.033 0.043 0.027 0.043
500 0.042 0.041 0.039 0.048 0.029 0.052
1000 0.045 0.063 0.041 0.055 0.033 0.066
2500 0.053 0.076 0.043 0.069 0.042 0.070

Table 1 reports the estimated sizes of the test statistics, Qy11, On22, and Qp33. For DGP1, we simulate the
data from the model transition density, which has a closed-form. For DGP2, its transition density has no
closed form, we use Milstein’s scheme (Kloeden and Platen, 1992) to simulate the data sets of the random
sample. The data are simulated at a daily frequency.
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Table 2: Percentage Rejection of True H

n 5% 10% 5% 10% 5% 10%
DGP3: Three-factor model with time-varying variance and covaraince ( aja(x;) # 0)
H(l)1 2 Priai(x) = byi(x1,x2)] = 1 H%Z : Prlasa(x) = by (x)] =1 H(3)3 : Priass(x) = baz(x3)] =1
250  0.009 0.042 0.023 0.048 0.019 0.041
500 0.028 0.044 0.024 0.052 0.022 0.045
1000 0.030 0.068 0.030 0.055 0.033 0.050
2500 0.036 0.077 0.042 0.063 0.036 0.066
H(l)2 :Prian(x;) = bia(xp)] =1
250  0.015 0.037
500  0.027 0.059
1000 0.036 0.078
2500 0.042 0.090
DGP4: Three-factor model with time-varying variance and covaraince( a;3(x;) # 0)
H(l)l :Pr[all(x,) = bll(xlt)] =1 H(Z)2 :Pr[azz(xt) = bzz()Cg,)] =1 H83 :Pr[a33(x,) = b33()€3t)] =1
250 0.033 0.041 0.018 0.039 0.013 0.030
500 0.036 0.045 0.024 0.062 0.023 0.034
1000 0.040 0.050 0.033 0.071 0.029 0.047
2500 0.043 0.065 0.040 0.083 0.032 0.065
H(1)3 :Pr[a13(x,) = b13(xlt7x3t)] =1
250 0.019 0.025
500 0.022 0.031
1000 0.030 0.047
2500 0.041 0.079
DGP5: Three-factor model with time-varying variance and covaraince( a3 (x;) # 0)
H(l)l : Priay; (x;) = byp(x1y)] =1 H%z : Priay (x;) = bxn(xy)] =1 H83 : Prlass(x;) = b3s(x3)] =1
250  0.008 0.021 0.016 0.040 0.018 0.033
500 0.024 0.043 0.026 0.053 0.023 0.054
1000 0.029 0.048 0.031 0.061 0.031 0.085
2500 0.048 0.085 0.089 0.089 0.046 0.092
H%3 :Pr[a23 (x,) = b23 (th,X3t)] =1
250  0.025 0.040
500 0.029 0.058
1000 0.042 0.079
2500 0.044 0.092

Table 2 reports the estimated sizes of the test statistics, Q,11,On2, On33, Oni2, On13, and Q,p3. Their transi-
tion densities of these GDPs have no closed forms, we use Milstein’s scheme (Kloeden and Platen, 1992) to

simulate the data sets of the random sample at a daily frequency.
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Table 3: Percentage Rejection of True H

n 5% 10% 5% 10% 5% 10%

DGP6: Three-factor model with time-varying variance and covariance
H(l)l 2Pl’[a11(x,) = bll(xh)] =1 H%z 2Pr[6122(xt) = b22(.x2[)] =1 H83 :Pr[a33(xt) = b33()€3,)] =1

250  0.240 0.283 0.223 0.251 0.290 0.318
500 0.352 0.379 0.415 0.423 0.400 0.436
1000 0.810 0.830 0.892 0.900 0.903 0.912
2500 0.960 0.980 1.000 1.000 1.000 1.000

DGP7: Three-factor model with time-varying variance and covariance
H(l)l . Pr[an(x,) = b]l(xlt,XQt)] =1 H(2)2 IPr[azz(Xt) = bzz(Xz,)] =1 H83 . Pr[a33(x,) = b33()€3t)] =1

250  0.250 0.286 0.233 0.305 0.320 0.338
500 0.431 0.472 0.453 0.542 0.411 0.459
1000 0.845 0.867 0.877 0911 0.852 0.891
2500 0.965 0.988 1.000 1.000 1.000 1.000
H%3 ZPV[CZ]z(xt) = bu(Xz,)] =1
250  0.351 0.370
500 0410 0.423
1000 0.753 0.751
2500 0.915 0.963

Table 3 reports the estimated sizes of the test statistics, Qn11, On22, On33, and Q,12. Their transition densities
of these GDPs have no closed forms, we use Milstein’s scheme (Kloeden and Platen, 1992) to simulate the
data sets of the random sample at a daily frequency.
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Table 4: Percentage Rejection of True H

n 5% 10% 5% 10% 5% 10%

DGP8: Three-factor model with time-varying variance and covariance
H(l)l 2Pl’[a11(x,) = bll(xh)] =1 H%z 2Pr[6122(xt) = b22(.x2[)] =1 H83 :Pr[a33(x,) = b33()€3t)] =1

250 0.272 0.293 0.303 0.332 0.238 0.251
500 0.304 0.391 0.412 0.502 0.305 0.458
1000 0.641 0.708 0.720 0.822 0.640 0.693
2500 0.891 0.923 0.956 1.000 0.963 1.000
H(1)3 . Pr[alg(x,) = b]3(X1;,X3;)] =1
250 0.221 0.331
500 0.481 0.509
1000 0.545 0.781
2500 0.932 1.000

DGP9: Three-factor model with time-varying variance and covariance
H(l)l ZPV[CZ]]()C;) = bll(xl,)] =1 H%z ZPF[CZZQ(X;) = bzz(XZz)] =1 H(3)3 :Pr[ag3(x,) = b33()€3,)] =1

250 0.162 0.211 0.218 0.279 0.231 0.256
500 0.392 0.421 0.345 0.412 0.351 0.418
1000 0.527 0.619 0.540 0.601 0.641 0.782
2500 0.934 0.976 0.891 0.942 0.935 0.987
H%S : Pr[a23 (x,) = b23 (Xz;,Xj,t)] =1
250 0.239 0.288
500 0.367 0.430
1000 0.564 0.673
2500 0.947 0.965

Table 4 reports the estimated sizes of the test statistics, Qn11,On2, On33, Oni2,On13, and Q,»3. Their transi-
tion densities of these GDPs have no closed forms, we use Milstein’s scheme (Kloeden and Platen, 1992) to
simulate the data sets of the random sample at a daily frequency.
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S Applications to Term Structure of Interest Rates

In order to provide insights of the empirical applications of our testing procedure, our tests are
applied to investigate the model specification of the term structures of interest rates. We particularly
focus on the specification analysis of the diffusion matrix in a two-factor term structure model
of interest rates, although our tests are applicable to many multivariate term structure models of
interest rates in this literature, for example, the three-factor term structure models of interest rates
in Dai and Singleton (2000) and Hong and Li (2005)).

Let rt1 and rtz denote the short term rate of interest and the long term rate of interest, respectively,

which can be expressed as follows,

drl = w(rl,r)dt+o,(r},r?)dB}, (30)
drt2 = ,uz(rtl,rtz)dt+62(r,1,rt2)dBt2, (31

where w (1}, 12),pa(r},7?), 61(r},r?), and 6,(r},r?) are unknown functions and satisfy assump-

tions 1-4. (B!, B?)" is a 2-dimensional standard Brownian motion.

In the literature of modeling term structure of interest rates, two popular two-factor models
are the Brennan-Schwartz model (1979), where 61 (r!,r?) = o1} and 65(r},r?) = 622, and the
two-factor CIR model (Canabarro, 1995), where 61 (r!,r2) = 611/r}, and 65(r!,72) = 65/r%. In
both the Brennan-Schwartz model and the two-factor CIR model, the volatility of each interest rate
only depends on its current level.

We are interested in whether either 7! or 7> can be omitted from the specification of the volatil-

ities of both 7! and r?. Namely, for the process r!, we are interested in testing the following

hypotheses,

H': Prioy(r!,r?) = 6%, (r))] = 1,against H!! : Pricy(r!,r}) =), (r))] < 1 (32)
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and

H? : Prioy(r!,r}) = 6, (r?)] = 1,against H}? : Prio)(r},r}) = 6% (r?)] < 1, (33)

where both 6%, (r}) and 6%, (r!) are unknown functions.

Similarly, for the process r?, we are interested in testing the following hypotheses,

Hgl :Pr[cz(rtl,rtz) = Ggl(rtl)] = 1,against H121 :Pr[Gz(rtl,rtz) = Ggl(rtl)] <1 (34)
and

H3? : Proa(r},1?) = 69, (r?)] = 1,against H : Pricy(r!,r?) = 6%, (r?)] < 1, (35)

where both 69, (r}) and 69, (r}) are unknown functions.

We use daily 3-month Canadian Treasury bills and 10-year bond yield as the proxies of the
short term interest rate and long term interest rate, respectively. The data covers the period from
October 1, 2007 to January 31, 2021. We use the standard normal kernel functions K(-) and L(-)
with smoothing parameters chosen by h, = G,nfl/ 4 and a,, = Gwn*I/ > where o, and o,, are the
sample standard deviations of r; and w;, respectively. Table 5 reports the description statistics
of the two time series. Dickey-Fuller nonstationarity tests are conducted, and the presentence of
a unit root is rejected for the two time series. Since the test is known to have low power, even
slight rejection means that the existence of a unit root is unlikely. Both time series are plotted in
Figurel. Due to the monetary policy shift, after 2007 year, the interest rates are characterized by
substantially lower levels. We can make two observations from Figurel. First, both the short term
and long term interest rates move up and down somewhat together (the correlation for the period
above is 75%). Therefore, parallel shifts are common. Second, although long rates directionally

follow short rates, they tend to lag in magnitude.
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The test results are reported in Table 6. The large test statistics are providing overwhelming
evidence that the omitted variable specifications of both 61 (r},7?) and o5(r!,r?) are rejected. To
display possible reasons for the rejections of the omitted variable specifications of both G1(r;77)
and 65(r1,r2), the nonparametric estimators of 6 (r1,r2) and 6,(ry,r;) are reported in Figure 2 and
Figure 3, respectively. Given the nonparametric shapes of 6;(ry,r2) and 62(r,r2), the rejections
are not surprising. The volatilities of both the short term and long term interest rates depend
not only on the current value of the short term interest rate but also on the long term interest
rate. This is consistent with the expectations theory that the current long term interest rate carries
information about the future values of the short term interest rate, suggesting that the long term
interest rate directly affects the volatility of the short term interest rates. Thus, it is reasonable that
the specification of the volatility of the short term interest rate depends on the short term interest
rate as well as the long term interest rate. Further, the volatility of the long term interest rate not

only depends on the current long term interest rate but also the current short term interest rate

because the long term interest rate is related to the current short term interest rate.

Table 5: Summary statistics of the data and stationarity test
n  Mean SD P1 P3 Ps p7 P9 P11 P13
rt1 3083 0.010 0.007 0.997 0.976 0.967 0.959 0952 0985 0.946
rtz 3083 0.023 0.008 0.996 0.987 0980 0.973 0.965 0.959 0.952
Augmented Dickey-Fuller stationarity test

Hy Test statistic ~ Critical value  Result
r! is not stationary -3.91 -2.57 Rejected
77 is not stationary -2.67 -2.57 Rejected

In Table 5, r} and rt2 denote the daily 3-month treasury bill rate and daily 10-year bond yield, respectively. The sample
covers period from October 1 2007 to January 31 2020. p; denotes the autocorrelation coefficient of order [. The
augmented Dickey-Fuller test statistic is computed as & = 6 /ase(d;) in the model: Ari = o+ ot 7! + Zle OjAr it
&,i = 1,2. The value of p is set as the highest significant lag order from either the autocorrelation function or the

partial autocorrelation function of the first differenced series (up to a maximum lag order of /i)
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Table 6: Testing for omitted variable in a two-factor term structure model

Volatility Null hypothesis Test statistic ~ Result
(51(?‘1,7‘2) PI‘[Gl(rl,rz) :(5(1)1(}”1)] =1 inl = 202.45 Reject
Prio(r1,72) =06%,(r2)] =1 Qu1 =311.21 Reject
G2(r1,r2) Prloa(ry,rn) = 0(2)1(”1)] =1 Qmr =158.56 Reject
Pr(cy(r1,72) =069 (r2)]| =1 Qo2 =196.03 Reject

Table 6 reports the test statistic values of Q11 and Q,2> using the daily 3-month treasury bill rate and daily 10-year
bond yield. The sample covers period from October 1 2007 to January 31 2020. The two-factor model is specified as:
dr} = ui (r},r2)dt + o1 (r} ,r2)dB} and dr? = uy (r},r?)dt 4 o5 (r} , r?)dB?.
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Figure 1: 3-Month Treasury Bill Rate and 10-Year Bond Yield
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Figures 1 plots the daily 3-month Canadian Treasury bills and 10-year-bond yield. The data covers the period from October 1,
2007 to January 31, 2021,
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Figure 2: Nonparametric Estimator of o (r
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Figure 3: Nonparametric Estimator of ”2('1' rz)
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Figure3 plots the nonparametric estimator of 0§(r,' : r,z), which is the diffusion function of ! in (31), using the daily 3-month
Canadian Treasury bills and 10-year-above bond yield. The data covers the period from October 1, 2007, to January 31, 2021.
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6 Conclusion

In this paper, we have developed a nonparametric test for omitted variables in each component of
the diffusion matrix in a multivariate diffusion process. Each of all these test statistics follows an
asymptotic standard normal distribution under null hypothesis that a subset of state variables can be
omitted from the specification of the componenet, while diverging to infinity if omitted variables
do not exist in the component. Monte Carlo simulations show that our tests have reasonable size
and good power against a variety of alternatives.

To illustrate the empirical relevance of our tests, we apply our tests to the situation of dimension
reduction in the specification analysis of the diffusion matrix in a two-factor term structure model
of interest rates. Using the daily 3-month Canadian Treasury Bills and 10-year Canadian bond yield
as the proxies of the short term interest rate and long term interest rate, respectively. The empirical
result indicates that the volatilities of both the short term and long term interest rates depend not
only on the current value of the short term interest rate but also on the long term interest rate.
Since interest rate volatility is of fundamental importance in valuing contingent claims and hedging
interest rate risk, our results suggest that a volatility-simplified term structural model could lead to
model misspecification, although it greatly facilitates pricing and econometric implementation.

In our future work, the results obtained in this paper are expected to be extended to test for
the omitted variables of the diffusion matrix in a multivariate Jump-diffusion process, which is a

valuable tool in asset pricing and hedging of derivative securities.
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Appendix A
Throughout this appendix, 4, and a, are expressed by s and a, respectively. ft(’:_; Zrl) "G(u)du is
denoted by [, G(u)du, where G(u) is any integral function. The symbol C denotes a generic big
enough positive constant.
Proof of Theorem 1. Since the proof of (ii) in Theorem 1 is similar to and in fact much simpler
than the proof of (i) in Theorem 1, we will only provide the proof of (i) in Theorem 1.

Recall that i, , = [foH_l el = n,]/An — bij(Wny), where b;j(wy,,) is a kernel esti-
mator of b;j(wy,) that is defined by (12). Under null hypothesis, using It6’s lemma to g;;(xy) =

ot — Xk Xk — x).1]/ A, we can rewrite i, as,

fny = bij(Wns)—bij(Wny)
+_/ { nt‘ul xu)+[x _x ]:uj(xu)}d”

)
n / 984 (%) (x.)dBu

S ox,
= bij(Wn,t) — bij(Wn7[> + Cn’[ + 8,17[, (Al)
agij(xu) o ag,'j(xu) ag,-j(xu) . X s ) )
where =5 =~ = ( e ). Inserting (A.1) into /,;; in (15) yields the following result,
i = oo 1 pEEnT N3 {0 00) = big00n)) o i) i i) = by s)) F i) b
I s#t
+n(n _ 1 hd Z Z {gn.,tgn,sfw(wn,t)ff\w(Wn,s) }Kts
1 hd ZZ{ ij Wﬂl J(WnJ))fw(wn,t)fw(wn,s)cn,s}Kzs
n_ t st
hd ZZ { ij W’” l] (Wn l))fW(WnJ)fw<Wn,s)€n,s}Kzs
t st

1 A A
+2m Z Z {Sn,tfw(Wn,t)cnjsfw(wms) }Kts

e EE ki i

J +J +2J —|—2J +2J +J (A.2)

33



We will prove Theorem 1 (i) by showing that J*/ =0p((n nh?/2)=1) for1=1,3,4,5,6 and nh/2J’ 2/vmj —
N(0,1) in distribution. These results will be proven in Lemma A1-Lemma A6 below.

Lemma Al. Under the assumptions in Theorem 1, we have J*/ =0 o((nh42)=1.

Proof: using f; = = ] = Y o4 Kis, ab < %(a2 + b?) (a and b are nonnegative real numbers),

and f; = f(x,,), we have,

E!J” < n—l hdZZE| ij(Wnyt) (Wnt))fw(wn,t)<bij(wn,s)_Bij<wn,s))fW<Wn,s)Kts|

-
< m;y[(m(wm—Bij<wn,t>>2fv%<wn,,>z<m1
T L . El(by ) b om0 )]
= Ll 0ms) bl i
= T (b 00n0) Byl ) P00
< LBy 00n0) Byl ) P00 )
Y El(bij ) — bijora) 273 00m) s — £)
= 0((,1;/1/2)—1), (A.3)

by (1) and (i1) of Lemma B.

Lemma A2. Under the assumptions in Theorem 1, we have nh?/ ZJ,Z — N(0,v; ]) in distribu-

tion, where 3, = 2{(ai(xr)a(xr) + @ (x))2 £ wr) £ (30)] | K2 ()

Proof: J;jz can be rewritten in the following way,

J,lljz = (n—l hdzzgntensfw,fwél(ts ( hdZZSntSns fw, fw,)fwats

I s#t t st
g Zanzens P = i) Foo, = Foo K
(n —1)h #t
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We will prove nh%/2J"5 — N(0,v%) by showing that nh%/2J% — N(0,v%) in distribution, and

ij _
Ji21 = 0p

((nhd/z)_l) for/ =2 and / = 3. To apply Lemma C.1 to show nhd/zJ,iél — N(

7lj ' Vij

2 . .
0,v7;) in dis-

tribution, we let Up = Y1 <s<r<p €ns€nsfw, Jw, Kst = X X1 <s<t<n H (Zns52n,5), Where z,, = (Xnt>€nry Sn)'-

We now show that conditions (A1), (A2), and (A3) in Lemma C.1 are satisfied. First we check

(Al). Let Z,,! | be an i.i.d. sequence having the same marginal distribution as {z,,}" ;. We

2
have Cpij = E

man(1975), we have,

A2 ox ox

Bl = a2 [ E{% ot %S o) s, Yl

n
1
A2

n

= —A {E[(xﬁ _-x£7t)2aii(xn7t)|xn7t] +2E[<X; _xil,l‘)(xi _xé,t)aij(xn,l)

E[(x) =6, ) (%) ing]
s [ (B0~ 5L @) — aion)
Ar% A, u n,t u\Au u\An,t n,t
+ 2B((xl 5, ) (el —260,0) (@i (v) — i (xng)) e

L, 3k ) (@5 (3) = a5 () ] el

1 2
Rn,t + Rn,t :

J

Under Assumptions1-4, applying It6’s lemma to (xj, — n,t)2, (x! —xiw)z, and xJ, —

xf,’,), respectively, and using Lemma C.3 in Appendix C, we have,

nij

2 2 2 2 2
E{E [8n7t ’an]E[Sn,s ’xn,s]fw,fw_ths}
1 1 2 p2 1 p2 2 2 2
E{Rn,tRn,s + Rn,tRn,s + 2Rn,tRn,s]fw,fwsKts}

E{[aii (xn)aj; (n.) + a3y (on @i Cons ) (ons) + a3y (ons) fi, fi, Kis} + 0(R?)

[H*(Zn,1,2n2)] = E{E[€}|xns)E[€] |xns) Sz, [ K&} Using Theorem 2.8 in Fried-

xn,t]

(A.S)

1]17t) ('xit -

[ i) + @} (0] i (7)) +aE ()} F200) 2 00) £ F VKA 2y + o)

W [ lau0a; () + @100 2 0)dx [ K2(w)duto(1)]}.
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Similarly, we have g4 = E[H*(2,1,%,2)] = E{E[Sﬁﬁ,\xm] (&5 sxns) o, S Kis } = O(hY).

Denote K ((x —x,y,)/h) = Ky, | = 1,2,3,4, we have,

Yata = / (E[H(z 20 H 2,205 VA (2)
= /E[Si,tfvit |xn,t = X]E[Sn,n fw,l En,tsztz th1 thz]E[en,afw,S 8n,t4fw,4 th3th4]f<x)dx
2 2 1/2
< /E[gi,tfvi, |xn,t :x]{E[Siz]fv%,l Sﬁ,tzfv%,z]E[K)%tl K)%tz] [&%,;Jis8%,z4fv%,4]E[sz3th4]} / f(x)dx

< c / &) 4 [xn = xlf()dxh® = O(2),

V2 = B 5o 2as)) = [ [ [ Elek lns = 5IEIER, s = YIE[ER, [vas =)

xK*((x—y)/W)K*((x—2)/h) f(x) f () f (z)dxdydz = O(h**).

Tl = maxt;ésg’;és’E[H(Zn.,t;Zn,s) (Zn,t'vzms’)] < E[|Sn,tfwfSn,sfwsgn,t’fw,/gn,s’fw‘v/ KisKyy H

< [E‘Sn,sz,en,sfwxgn,t’fw[/ 8n,s’fws/ ‘{;] 1% [E|KtsKt’s’ H = O(th/T'I),

wheren = (1—&~1)~! and & is slightly larger than 2. Hence 7, = max{Yu11,¥n22,Tn14} = O(h2¢/M),
where (1 < <2).

Similarly, we can prove that Y,,13 = max, 4 £y [H(Znt,2n,s)H 3 (znts2ns)] = O(hzd/ n’) and Y, =
MAX 45 1145 [H* (24,205 H? (Zns' 2ng)] = (th/n ), where 1 <m/ < 2. Hence, v, = max{Yu22,Yn13} =
O(h24/M). Summarizing the above results, we have shown that 62 = ;= O(h?), pna = O(h?), Y, =
O(h24/M) %, = O(h??/M), where 1 <M < 2, and 1 <1 < 2. These results imply (i), (ii), and (iii)
in (A1) of Lemma C.1.

Next, for G(zns,2ns) = E[H (2,20 )H(2,2n5)], we have,

Xnt—X Xpns—X

h

G(Zn,tvzn.,s) = Sn,tfwtsn,sfwsfws /E[Eiﬂfw; |xn,t’ = x]K(

Xnt —X Xns —X

— Custunsufun [ OaWKCE K fld

Xnt —Xns

= 8ntfw,gn sfwsfws/ nt! (xnt‘|‘hu) (M)K(
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Hence, it is straightforward to show that v = E[G*(zus,20)] = O(h*),ttnG2 ~ E[G*(zns,2n5)] =
O(h* 14y and Y,611 = O(h**h*/M"), where ' > 1. Finally, it is easy to show that M,, is bounded.
From now on, we let m = 1, = [Clog'**(n)]. Using the Assumption 2, we have, B, =

Clog %0 (n) 7xol —1yy _ Clog(n)y _ —Cylogy(n)\ _ —Cy —
log"0(2n7) ) = Q(AS108) = O(A~ Vo)) = O(n=Y), where Y= —log(A\) > 0. Hence

we have: for any giveni > 0, n’BS/ 148) _

o(1) as long as we choose C sufficiently large. Hence the
conditions (i), (i1), and (ii1) of (A2), and conditions (i) and (ii) of (A3) in Lemma C.1 are satisfied.
Using Lemma C.1 and the fact that E(U,) = 0, we have nh“Z/ZJ,ilé1 = 2U,/((n—1)h/?) =
[v2n6,ij/ (n — 1)h/?][\/2U, / (nGpij)] — N(0,vZ;) in distribution.
To prove J,iéz = op((nhd/ =1, we rewrite JY 5y as mx):):tl it tsty Enn €y (Leyey —

a’f;,) fi,Kir, and we consider the second moment of J)%,:

El = E(}) =

[n ( hdaq 2 ZZ Z ZZ Z E{Sn,tl €nty (Lt1t3 - Cqutl )

1, #1137 ty,tsF 1y, Lo F 1y

X ftr Kt 1r€n,14€n 15 (Ll4l6 - aqu)fts Kiyis }

We consier three different cases for Ej : (a) for at least three different i # j,|t; —¢;| > m for all
J # i; (b) for exactly two different j # i, |t; — tj| > m; (c) all the remaining cases. We use E14, E1p,

and E|. to denote these three cases. For case (a), since at least there exists one i € {1,2,4,5}, using

3/(1+98)

Lemma C.2 we have E1, <04 Cn®By/m ) = o((nh?/?)~1). For case (b), we only need to consier

|t3 —t4] > m for all i # 3 and |t —t;| > m for all j # 6 because otherwise E;(b) will be bounded by

BS/ (19 = o((nh®?)~1). Case (b) has n*m? terms and they correspond to either (i) |t; —t4| < m

or [t] —tp| <mand |t4 —t5| < m. We use Ej,(1) and E};(2) to denote these two subcases. Using

Lemma C.2 four times, and E[17t4 [8;17;28”7[5[(;11‘2](1‘41‘5] S {E[17t4[ Nt }’L tj]Etl 4 [K K2 ]}1/2, we have,

111" M als

Elb(l) < [ ( hdaq 3 ZZ Z ZZ Z E{Sn,tl Enn bty 1y [8n7t28n7t5f15fl2K1112Kt4t5]

1, F#t 13 #D ty b5y teF 1y

< [En (L, =@ i) By (L — %))}
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< cntm*(h?a®) 20X TR = O(m*a® (n*hh) ) = o((nh?) 1. (A7)

By Lemma C.2, Lemma 4 in Robinson (1988), and the fact that E (&, 1, €4, K1, 1,] < {E[€5, €2 . E[Ki1,]} 12,

n,tp

we have,

E;p(2) < [l’lz(l’l—ll)hdaq]z ZZ Z ZZ Z

1, #B 7N ta,tsF4,t6 714

X E{Ki1,€n,1,€n,1, [ Ety (Ltyis — @ f1))] }E{ Ktyts€n.14€ns [Ety (Ligeg — @ fi,)]}

an(n3hdaq)722 Z Z Z El|ens s,

th#N  talsF#l

= Cn*m?(Ph%a®) 20?9 e = (nPhd) T o(m*ad®) = o(n*hh) V). (A.8)

IN

Kiys Dy (wyy)]a® 4+

Kfltsz(th )]EHSILH Enty

Hence, we have Ejj; = o(nhd/ 2) by (A.7) and (A.8). For case (c), it has at most n’m? terms and
using Lemma C.2, we have Ej. < Cr’m? (n3h%a?) 20 (a9t h¢ + h*?) = o((nh?/?)~1).

. . ij
Finally, we consider J, 5.

1 2 A 2 2 A o)
< E we — Jwi )" Kis s (Sws = Jwg ) Kis
= 2n(n—1)hdzt"s§z 180 (e = food) K & (o = vy Kis}

= YRR, (i)

E|T)s

< 0 'Y Elen, (Fuo, = o) il Hn Y ElER (g — )2 (= £

t

= o((nh?*)™h), (A9)
by (ii1) and (iv) of Lemma B.

Lemma A3. Under the assumptions in Theorem 1, we have J ;]3 = 0,((nh?)71).

Proof:

y 1 . . R

|Jn]3 < n(n — l)hd Zt:é |(bij(wn,t) - bij(Wn,t>)fw(Wn.,t)fw<wn,s)cn,s|Kts
1 N o

o Y (bij (W) = bij(Wn))* fra (Wna ) fi

IA

b X bignng) = B3 a2 7200 ) s — £)
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1 2 22
+E ;cn,tfw (Wn,t)ft
+E ;Cn,tfw<wn7l‘) (ft - fl)

= Jrizél +Jr%2 +Jrl;é3 +J;ié4~ (A.10)

Using (ii) and (iii) of Lemma B, we have J,l;él = op((nhd/z)_l) and inléz = op((nhd/z)_l). For J,iléy

we have,
ij 2, Wns — Wn, t —Wnyt Wy —Wnt
Iz = 2n3a2q L SZ#Z L a 2n3 22 Y)Y %‘%L )L( - )
= Jn331 +JY 332" (A.11)

For J,%M, using Holder inequality for each integral in cit, we have,

. C . ; .
EJrlzJSSI < n3a2‘1A ZZE{/ [XL—x,’u /Jz xu du+/ x _xnt ,U] xu)du

+/ bij(xu) — bij(Wny)] du}

= 0((na®)~'A,) = o((nh?/?)7). (A.12)

For J;ié32’ we consider two different cases: (a) min{|s —t|,|s —s'| > m} and (b) min{|s —¢|,|s —

t |} < m. We use J 332(a) and 1”332( b) to denote these two cases. For case (a), we have,
L J 2
Jn332(a) S n302qAn;Y#§#tE{ [/An(xu_xnt :Uz (xu d”+/ x _xnt :uj(xu)du
Wyt — Whn, W —=Wwp,
0y by Pa (e L [ L
+Cn 3[38/ (1+9) }
C ) .
< nzaqﬁn;sé’,E{[/An(x{t_ ,J” w7 (xy du+/ X —xnt ,u?(xu)du

Wn.s' — Whn,
+/A (bij(wu)—bij(wn7;))2y,2(xu)du]L(7T’)+C 3[35/ (1+3) }

= 0(a"1?7,) = o((nh¥*)71). (A.13)
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For case (b), we have at most mn? terms. Hence we have,

ii Cm . .
JnJ332(b) < MTAE{[/A (o, — 2, )27 (x, du+/ X —x,” /J](xu)du

+/ ij(Wu) l](WnJ)) u; (xu)du}L(Ws awnJ)MWl_awn"t)}

= O(m(nd®)~'A,) = o((nh¥*)71). (A.14)

From (A.12) to (A.14), we have J* a3 = = 0,((nh?¥/?)~"). Given J4 a3 = = 0,((nh?/?)~1) we can
prove J,ilé4 = 0,((nh%?)71) just as we prove B, = 0, ((nh?/?)~1) given that B, = 0,((nh?/?)~1)
in Lemma B.

Lemma A4: Under the assumptions in Theorem1, we have J,iﬂ = o((nh®/?)~1).

Proof: using (v) and (vi) in Lemma B, we have,

J;,{; = l’l _ 1 hd ZZ ij Wn t (Wn t))fw(wn,t)fw(wn,s)gn,sl(ts
t st
- n -1 hd Z;; ij an l] (Wn t))fAW(WnJ)fw(Wn,s)emuss
n 1 hd ZZ ij W"t (Wn t)>fW(Wn,t)(fw(Wn,S> - fW(Wn,s))Sn,sKts
t s#t
= 0,((nh?*)71). (A.15)

Lemma A5: Under the assumptions in Theorem 1, we have J 5 = = o((nh?/?)).

Proof: using (vii) and (viii) in Lemma (b), we have,

‘]rlLJS (I’l—l hd Zzentfw Wnt)cn wa(wns)Kts
t st
1
= Wzgentfw Wnt)cnsentfw(wns)Kts
+ ( hd ZZE’” fW Wnl) fw(wnt))cnsfw(wns)Kts
t st
= op((nh"*)™) (A.16)

Lemma A6: Under the assumptions in Theorem 1, we have J/ o= o((nh4/?)71),
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Proof: using f; = hd Y4 Kis and the way as we have proven J,33 = 0,((n nh?/?)=1, we

have,

sl < WZZ% Wi Wnt)KszrﬁZ Y o fu(wns)Kis
s#t t,s#t

= 1 Zc%,tfﬁ(wn,z)fz + ; Zci,ffﬁ(wn.,z)(ﬁ —fi) = Op((”hd/z)fl)- (A.17)

Proof of Theorem 2:

Under LH, we have il,,; = a;;(Xn;) — b; i(Wnyt) 4+ cns + €4y Similar to the proof of Theorem
1, we can show that J% = 0,((nh%?)~"),J% = 0,((nh%/?)~"),J's = 0,((nh%/?)~1), and J2 =
0,((nh?/?)=1). Also, using the similar way as in the proof of Theorem 1, we can prove that under

LH, nh?/ zjflé converges to N(0,v? ;). Consequently, nh/2 (1 —J,%) converges to N (O,vizj). We

consider Jr’l]1 .

Jrlzjl = n(n—1 hd Z; { (aij(xn,) j(Wn,t))fW(Wn,t)(aij(xn.,S) - [;ij(wn,s»fw(wn,S)}Kls

- n —1 hd Z; { al] xnl tJ (W",t))fw(wn,t)(aij(xn,S) - bij<Wn,s))fw(Wn,s> }Kts

+0p((”hd/2) )

n

= FIZZ alj xnt U Wnt))fw(wnt)E[(aij(xn,t) _bij(Wn,t»fw(Wn,t)|xn,t]ﬁ+0p((nhd/2)_l)

t=1

= REIA (50) 20000 )]+ 0p (1))
= [ A0S Wt op (k).

which indicates that Q,,;; = nh?/?,;; converges to N( [ A?(x)f2(w)f2(x)dx,v: j) i.e., Pr(Quij >

zo] = 1= P(zo — 3 [ A2 (x) fis(w) £ (x)d).
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Appendix B. Lemma B used to prove the main results
Lemma B. Under the assumptions in Theorem 1, we have,
DBat = 1" L E[(bij(was) — bij(wa))2 3] = o((nh?/2) 7).
()Bnz = 1" L, E[(bij(was) — bij(wn )23, (fi = f)] = o((nh®/%)71).
(iii) Bu3 =" ¥, Eleq, (fu, — fu)?] = o((nh/?) 7).
(iV)Bus = n™ " L, Ele} (= fiu)*(fi = )] = o((nh/?)71).
(V) Bsy = (n(n— 1)) 7 8 X [bij (W) — bij (Wit ) s o Kis = 0p(nh2) 7).
(Vi) Bon = (n(n—1)h*) ™ L, Toualbij W) = bij (W) funs oy = o) Kis = 0p(nh2) 7).
(Vi) B7n = (n(n — 1A ™ T, Yyt s fov s o Kis = 0p (0271,
(viii)Bgn = (n(n— 1)A) VY, Yozi €ns (fo, — fin)Cns o Kis = 0p(nh?/2) 7).

i i Jj o ..
Proof of (i): denoting 51 x"‘i[f”’”l i by X4(A,), we have,

B = e L IO i) L)

+) ;72 E[(X(A bij(Wn,t))Lst(XZ(An)—bij(Wn,t))Llr]}
SHELF£L
1
= A1) {Bnll +Bn12}

Using Lemma C.2, Lemma C.3, and Lemma 5 in Robinson (1988), we have,

B, < ZZZE[(bij(Wn,s)_bij<wn,t))2L§t]

s#t
+2Y Y E[(X2(An) = bij(Wnys)) L]
sF£t
< 21X [ Bi0) = by () PLA ) ()R ()

FE{IXAA) = bijnns) P [ L2200 aR, )+ B

Y Y {Catt 2+ CatEXI(D50) ~ bijw ) |
sFt

{ Z BS/ (14+9) Z BS/ (14+9) } (n aq)+0( )

IN
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because of liniyen ' Y111 S/T(HS) <y, S/’C(1+5) o

For By12, we first define W(z,,25,2:) = [Xid(An) — bij(Wnz)| Ly X (Ay) — bij(Wns)|Ly. Since
W(z,,25,2 ) is not a symmetric function in its variables, we modify it to be a symmetric function in

order to apply Lemma B.2 in Fan and Li (1999). We define,

Wz z002) = [X(Dn) = bij(Wa) Lt [XiL(Dn) = bij(Was) L
+[X;;{(An) — bij (Wn,s) | Lst [Xrl;jr(An> — bjj (Wn,s) | Lrs

FIX3 (D) = bij(Wa ) Lrs Xt (D) = bij(wn ) Loy

Note that since ¥(z;, 75,7 ) has the same order as ¥(z,, 75,2 ), to simplify the proofs we will apply
Lemma B.2 in Fan and Li (1999) directly to ¥. Below we use A ~ B to denote A = O(B). Let
M,1> and M,3 be defined as in the Lemma B.2 (Fan and Li, 1999), and n = (1 —{~1)~!, where

€>2,1 <m <2, then itis easy to see that,

Mz~ E{ [ {IXi(20) = bijwns) L

1+6

XX () = bijwn) L | dRu(r)}

IN

DRE{ X D) Bl F2
< [ L) Balal PaF )}

D) E X Dby 0 Ll 7P [ L3 E (0r)}

+A;1E{[b,-,-<wn,,>Ls4l+5 / [X,if;maLn]“ﬁde(wr)}

IN

Aza"/"E{IX”( ) DL | [E X (D) ] 1““’)@]1/@
></L(u)(Hs)an(wn,,—I—au)du]l/n}

FA; aqE{|X”( )b (Wag )Lyt 2 / [L(u)]'+ fw<wn,,+au)du}
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+A;laqu{ [blzj (Wn,t)Lst] I+o [Elxrg(An)An | S +8)C]] /e
IO o+ P

0 B [0 (v ) L]+ / L))" o+ au)du

IN

A2PTNVE[|IXT A [|THIGVEE[X T A, | ()16
0 ]G Ay (w52
+005 @M E [bij (i, )| OS]V EE X (D) 2] TSV
— O(QZQ/TI)'
Also it is easy to check that M,3 = O(1). Let {Z;} denotes an independent process that has the

same marginal distribution as the dependent process {z; }.

@20 = [E{LaB{ XA~ i)}

XLnE{[X(8) = bigwn)] s | }

E{LLg[OV/ D14 /12, + |(bii0vis) — bijown,)
X[CV/ D144/ 14+33,)+ | (i) = bij o))}

= 0(d®0) + 0@ )/ D+ 0TV,

VAN

)

Thus, we have B,,; = (n(n—1)2a??) "1 {B,11 +Bu12} = (n(n—1)?a??)~1{0(n?a?) + O(n*a®1 A,) +
O(n3a®t'/IN,) + 0(nPa®4t)) 4 0(n2a4/M) 4+ 0(n))] = O(a®(na?) ") + O(A,) + 0(a’ V1N, +
0(a®)+0((na®?) ") +0(n"2a=) = (nh®/?)~1[0(a*h??a=7) + O(Th?/?) + O(/na*h?/>/T) +
O(na® h?/?) + O(h??a®1/M=24) + O((na?) "' (h*/?a~1))] = o((nh?/?)~1).
Proof of (ii): we have,
B = (P LYY E{biwas) — Xi(20)]
1 sHts'#t

X [bij(wmt) _XZ/(An)]Lsth’l [n_] Z (h_th’t - ft)]}
t'#t
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We consider two different cases for B,p: (a) min{|t' —t|,|t' —s|,|t' —s'|} > m and (b) min{|t’ —

i), |t —s|, | ——

we have,

BnZ(a)

s’} <m. B,5(4) and B, are used to denote these two cases. Using Lemma C.2,

IN

(n3a2q)—1 ZZ Z

t stts' At
<[bij00ns) =X (A [ K= = P ()}

+Cn 368/ 1+8)

E{ [bij(Wnyt) = XiZ (D)) Lt

< Cn 'Y El(bij(wne) = bij(wa))2ful + CrOBUY = o) 7).

For case (b), assuming that |t —¢| < m, we have [n' ¥, (9L, — f;)| < C(nh®)~'m uniformly

for any 7. Thus we have,

B

< @) LY Y E{ [l X0l
t s#£ts'#t!
X by ) = XL Y I K5~ £,]| |

t'#t
< Cm (”hd ! _IZE Wnt) lj(wﬂl)) fw] ((”hd/z)_l)-

Thus, Bz = Buo(a) + Bray) = o((nh¥/?)—1).

Proof of (iii): we have,

Bn3 -

2
(”3h2q)_1 ZE [grzz,t Z Z (Lst —a f,) Z (Lys — a? f,)]
t SF#t sF#t t'#t

(LD Elenln = /o 1+ LY T Elen (Lo —lfu) Lo = o)}
(n2a®) " Cp1 + G}

By Lemma C.2, we have,

ZZ {E{SZJ /[L(w - aqfwl)]zde(wms)} +CBB/|Slt|8)}

t#£s
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< ZZCaqESnz+C{ Z B5/ (1+8) ”i Bn’/T(Ha)}

15 =1
= 0(n?a?)+0(n).

By similar argument as Lemma A.1 in Fan and Li (1999), we have, C,» = O(n3a?(4 ")) 4 O (n2a4/ (2+20)) 4
O(n), where 8 < 1/2. Hence, we have that B,3 = (n3a??) ' [0(n?a?™) + O(n3a®\4t")) + O(n?a?4/ (3+29))
O(n)] = o((nh®?)~1). Thus, B3 = o(nh?/*>~1).

Proof of (iv): given the proof of (iii),(iv) can be proven just as we prove (ii) given the proof
of (1).

Proof of (v): B,5 can be rewritten as,

B"S - zhd Z Z Z ij W" 11 ni3(An)]emlsz(wn,tz)lltl,ngzl,t2~
I h#t B#h

Consider the second moment of B,;5, we have,

B = (ln-1%) 2L Y Y XYY ¥ E{by) - X (20)

h#t 3£ tsFty,t6F 14
X[bij(Wn.z,) _Xrl;{ﬁ(An)]en,tzen,mfw(Wn.,tz)f w(Wats ) Lay 13 Lugrg Loty Layes }

We consider four different cases: (a) for all i’s, |t; —¢; > m| for all j # i; (b) for exactly four
different i’s, |t; —t;| > m for all j # i; (c) for exactly three different /'s, ; — ¢;| > m for all j # i; (d)
all the other remaining cases. We use B,;5(,), B5(5), Bus(c)> and B,5(¢) to denote the four cases.

By Lemma C.2, we have EB,;5(,) < 0+ CnGBS/ (o) = o((n*h%)~1). For case (b), we just need
to consider the case |, — 71| < m. Let_; denote all #;’s with j # i. Using Lemma C2 fori=1,3,4,6,
we have,

EByspy < (n(n—1)2an) Y Y Y'Y Y E{Sn,tzgn,rsfwtszts
\

ti—t_i|>m,i=1,3.4,6,|t)—t5|<m

X Ey [El3 [(bij(wn,n)—bij(Wn,ta))Ltlts - [A X1 (D) — bij(wn,%)}l‘llh]l{lllz}

46



X Ey {Eta [(bij (Wngy) — bij (w”7t6))Lt4f6 - [A ZXf’llié (An) — bij (Wn%)} Lt4t6i| Kiyis } }

Cn 6[56/ (1+8)

_ 1/2
? n3aqhd) ZZZZ Z Egn,tzen,%Ell{ [aq+vDij(Wn711) + An/ aq/2

171, |t —t5|<m

<[ (1 i PY 0 4 12 5n) DA (5002)] ] Ka i { [0 D )

IN

A2 [ (14 i P) 07 442 i) + DAF (i )] K+ CrBiS

IN

Cn4(n3aqhd)*22 Z WE [8,”2 (a‘HVDij(wmQ) + A,ll/zaq/z)

|t2—t3]<m

X€0 (a7 Dy (i) + A at/?)| 4 Cnt S

_ 0(n—6a—2qh—2d(n5mh2d<a2(q+v) +Anaq+A}l/2a3q/2+V))) :0<(n2hd)—l)

For case (c), we only need to consider the case |t; — 3| < m, and |, — 13| < m for exactly one
i €{1,3,4,6}. By symmetry we only consider i = 1 and i = 3. For i = 1, using Lemma C.2 three

times, we have,

EB,s5.) = (n3hdaq>_2 ZZZZZ Z E{8n7128n713fw (Wit fiv (Wt )

|12 —ts|<m, |ty —tp | <m,|t;i—t_;i| >m,i=3,4,6

$KiysErg{ | (b1 (9na) = b1y 00 ) s = | 572X (8) = bij o) | s | }

XEM {Els { [(bij (Wn,m) - bij (WnJé))Lmtﬁ - [A 2X1;{6 (A ) bij(wﬂ,%)] Lt4t6:| Kl415 } } }

Cn 6[35/ (148)

< nz(n3hdaq) -2 Z ZZ Z E {En,tzen,tsKntz
[t1—t2 | <m,|ty—ts5|<m ts#t5
v [aq+ Dij(wn, t1)+aq/2A1/2} {[aq—l— Dyj(wn, x4)+aq/2A1/2]Kt4ts}}+C 6B5/ (148)
< Cn3hd(n3hdaq)*2zz Z E{en,tzs

1/2
|11 —t2| <m, |ty —t5|<m nisKi 1 [aq+ Djj(wn.zy Y+ad/2n )/ }

x [aq+vDij(Wn7t5) +aq/2A3/2} } +(/1,165527/"(114@)

= O(m*n*h (nPha?) 2@ 1 aI A, + a3 ALV
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= o((n*h)7).

For i = 3, using Lemma C.2 three times, we have,

EBsi = (h'a) 2y Y Y Y Y )3 E{ 0815 i) fo (9ss)
|tr—t3|<m, |ty —t5|<m,|t;i—t_i| >m,i=1,4,6
< Bn { [ (0100 ) = b i) s = | 252X (B0) = big W) | L | Ko, }
><Et4{Et6{ [(bij(wn,m) —bij(Wn6) ) Ligts — [A 2Xpt (D) — bij<W”7f6)]Lt4t6]Kf4t5}}}

\Cn 655/ (1+8)

IN

Cn3h2d(n3hdaq)7222 Z E{en,tzen,t5fw(Wn,lz)fW(Wn,t5)

[t —t3|<m,|tr—ts5|<m

b1 00n) + B 0ns) 55| Sn Xl () = i)

x [ty w ) + a2 00| b+ Bl

_ 0(n4m2h2d(n3hdaq)72)(aq+v_|_aq/2A1/2))+C 6[35/ (148) _ ((n2hd>71>.

For case (d), we have at most n’m? terms, we have EB,s5(q) = O(n*m’ ("h%a?)~%(a®! + h*") =
o((n*h®)~1). Finally, using Chebychev’s inequality,we have, B,s = 0,((nh?/2)~1).

Proof of (vi): the proof of (vi) follows the same steps as the proof of B,;; above except that we
need to cite B,,5 instead of B,,;.

Proof of (vii): B,7 can be written as B,7 = (a?h‘n(n—1)?)~! LYYty 130 Enty v Wnay ) Cnty Layts Ky -

The second moment of B,7 is,

E(B% ) (aqhd 2 Z Z Z Z Z Z E [en,n an,rl Cn,tthzm Ktl 5] 8n,t4cn,t5fwn,z4 LtstsKmls

Hta1,3# 14,5714 o714

ti —tj| > m for all j # i; (b) for exactly four

—tj| > mforall j #i; (d)

differnt i's , |t; —t;

all the other remaining cases. We use £ (Bim)), j=a,b,c,d, to express these four cases.
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5/(1+8)

For case (a), using Lemma C.2, we have E (B Ta )) <0+Cn 6[3 . For case (b), we only

need to consider the case |t; —t4] < m. Otherwise, it must be either #; or #4 is more than m periods

6p3/(1+9)).

away from other indices, and E(B,,7(;)) is bounded by O(n Bp/m Given |t] —t4] < m, we know

that #; is at least m period away from any other indices, for i = 2,3,5,6. Using Lemma C.2 four

times, we have,

EBy < (Pha) LYY YY ) EeniEncs o Fons B { cne

[ti—t;|>m, |ty —t4] <m,i=2,3,5,6,i# ]
8/(1+3)

XEts (Ltzts)Ktllz}Ets{cn lsElé(Llsls KWSH +Cn 6B A
cn*a®(n’h?a’)2Y. VY )y E{ €001 €n14| Ery [‘cnh ‘Kf112:|

|t,-ftj|>m,\t1ft4|§m,i:2,5

8/(1+9)
X Eis [|CI1J5|KI415} } +Cn 6B [(1+9)

2 2q(,31d,q\—2 g]1/8 n 11/M

Cn“a”d(n’h“a?) ZZZ Z E{\Sn,,lsn’m\ [Etz\cn,,z\ ] [Etszz}

[ti—t;|>m, |ty —t4] <m,i=2,5

x [E15|cn,15|§]1/g [EtSKM,S} m}+c 632/ (1+3)

Cn4a2qh2d/"An(n3hdaq)_ZZ Z Elens€ns_,]

|ty —t4]|<m

= O(mTn 21?92 = o((n*h") ),

IN

IN

IN

where & is slightly larger than 2 and = (1 —&~1)~! (1 <1 < 2). For case (c), we only need to
consider |t; —t4] < m and either |t; — ;| < m or |t4 —t;| < m for exactly one i € {2,3,4,5}. By

symmetry we only consider i = 2 and i = 3. For i = 2, we have,

EBye < (Wha’)?YYYYY y E{&unEnts S Fons Ki

[t —t4|<m, |ty —tp|<m,|t;—t;|>m,i#3,5,6,i#]
69/ (1+9)
XEI} |:Cn 12L1213i| El3 {C}’l t5E16 (Ll5l6)Kl‘4l‘5 } } ‘ + C B /
d\—2 2
< Cn*(ma'h®) a1y VY Y E{ |€0,01€n,t4Cn.t Ky | Ets [| 15 Kyt H}
|11 —t4|<m, |ty =12 | <m 45

Cn 656/ (1+8)
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< Cn2(3aqhd)_2a2qﬁr1,/2hl/2ZZZ Z E{|€n,t1€n,t4cn.,t2Kz1t,2|} +Cn 658/ (49

|t1—t4|<m, |ty —12|<m

= O 2 (mPT Jn)) + CnOBYN T = o((n?hd) ).

Similarly, we can get EB,7(.) = o( (n?h?)~2) for i = 3. For case (d), since EB,7(4) has at most
n®m? terms, we have EB2, 7@ < Cm3n3 (n3hda?) 2 (h*? 4+ Npa®d) = o((n?h?) ).

Proof of (viii): we can prove (viii) by following the similar steps as we prove (vi).

Appendix C. Technical Lemmas

Lemma C.1. Let {X,;,t <n} be strictly stationary and satisfy the absolutely regular condition
with mixing coefficient B, 1 for each row of {Xy,,}. Define a degenerate U-statistic of the triangu-
lar arrays of {X,} as Uy = YY1 <s<t<nHn(Xn 1, Xns), where H,(-,-) depends on n and satisfies
[ Hy(x,y)dF,(x) =0 for all y and F,(-) is the marginal distribution function of X, ;. If Assumption
(Al), Assumption (A2), and Assumption (A3) in Fan and Li (1999) are satisfied by each row in X,
then we have \/2U,/(nc,) — N(0,1) in distribution as n — o, where 6% = E[H? (Xn.1,X,2)]-

Proof: The proof of Lemma C.1 is omitted because one can prove Lemma C.1 by straight-
forwardly following the way as the proof of Theorem 2.1 in Fan and Li (1999). The central limit
theorem (Theorem 2.2 in Dvoretzky, 1972) for double arrays of random variables is used to prove
Lemma C.1.

Lemma C.2. Let &, 1, ...,Ep , be random vectors taking values in R? satisfying an absolute reg-
ularity condition with the mixing coefficient Bz, where Bn,x = Supsic<nE[Supacm,, ., {Pr(A|MY (n)) —
Pr(A)}], where M}, is the G algebra generated by (&5, ---,En,). Let h(y1, ..., yx) be a Boreal mea-

surable function such that , for some & > 0,

M, — max{E[\h(éml i) L EEg, ey, 1hEniss e gn,,-k)|1+8]} exists. Then,
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/(148) ,6/(1+8)
n,T

b

(i o)) = ElEe g, hEniysosGni ]| < 44

where, Be, e, 1Gnirs s Gni) = [ iy syi) = [ 1y ---,yi,,.,ﬁn,il,...,&,n,,»k)dF:fl""’ij Vi -5Yis)»
T=1ij41—1j,and Fl (Viy, -+ yi;) is the distribution function of random vectors &, ,, ..., &,,;; and
i <y <..<lIj.

Proof: the proof of Lemma C.2 is omiited because it is the straightforward extension of
Lemma 1 in Yoshihara (1976) to a triangular array case.

Lemma C.3. E||x, |*] < e for some positive integer. Fort' € (to+ jA,,T), we have E/[|x, —
xn,j|21] SDn[l + ‘xn,j‘ZI][t/_tO_jAn]l; where D, = 22(21—l)ClzjleZI(Zl+1)Clz)(t’—to—jA,l)Kr!_to_jAn)l+
(1(21—1))1.

Proof: Lemma C.3 directly follows Theorem 2.2 of Friedman (1975) by replacing the uncon-

ditional expectation by conditional expectations.
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